The Beauties Hidden in Pi(m)
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It was finally the weekend! After my long mathematics presentation, I came home to watch my
favorite tv show, Person of Interest, to de-stress. Surprisingly, the episode was about the most
famous mathematical constant, pi () which is equal to the ratio of a circle’s circumference to
its diameter, commonly approximated as 3.14159. Mr. Finch (the main character) was acting
as a substitute teacher and wrote on the chalkboard 3.1415926535. Then he asked the students,
“What does this mean?”. I answered the question in my mind, thinking, “If I have a bicycle tire
with a diameter of 1, then one full revolution of the bicycle tire would travel distance pi.”
However, in the movie, nobody answered. Then Mr. Finch answered the question himself,
saying

Person of Interest, Season 2 Episode 11 “2 Pi R”

Pi, the ratio of the circumference of a circle to its diameter—3.1415926535—is just the
beginning. It keeps going forever without ever repeating, which means that contained within
this string of decimals is every other number; your birth date, the combination to your locker,
your social security number, etc. It’s all in there somewhere. And if you convert these decimals
into letters you would have every word that ever existed in every possible combination; the first
syllable you spoke as a baby, the name of your latest crush, your entire life story from beginning
to end, and everything we ever say or do. All of the world’s infinite possibilities rest within this
one simple circle. Now what will you do with that information; what it’s good for? Well, that
would be up to you...

Although that scene was actually inaccurate, I loved it. This scene is beautiful because most
teachers in the world struggle to be as good and as interesting of a teacher as Mr. Finch is here.
His knowledge about the subject expands the discussion beyond the textbooks and keeps the
students focused throughout the lecture.


https://medium.com/@Alikayaspor
https://www.youtube.com/watch?v=CEfLVCus4iY
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{fa history of }

Pi is the ratio of a circle’s circumference to its diameter. The diameter fits around the boundary
exactly & times. Pi unrolled.

Unfortunately, this is wrong because mathematicians have not proved that pi has the
characteristic of “normality” yet. In other words, mathematicians are not sure if pi contains all
the finitely long permutations of digits from 0 to 9. They are not sure that if every digit continues
to be used after a certain amount of time or an unlimited number of times in pi’s decimal
representation.

The digits of & is never ending.


https://vimeo.com/183741782
https://vimeo.com/183741782

Nobody knows what we will find in the digits of Pi if we keep going. For instance, when we
check the first billion digits of pi, we see that the digit 7 occurs almost 100 million times. This
makes pi a nice random number generator. However, after some points, pi may not contain the
digit 7 and might instead have a non-repeating number with just two or three digits such as
010203112233000111222333...

For instance, after the first 761 digits of pi, there is a famous mathematical coincidence where
six nines occur in a row which is called Feynman point (“Feynman point”, Wikipedia).

© = 3. 1415926535 8979323846 2643383279 5028841971 6939937510 5820974944 5923078164 0628620899 8628034825
3421170679 8214808651 3282306647 0938446095 5058223172 5359408128 4811174502 8410270193 8521105559
6446229489 5493038196 4428810975 6659334461 2847564823 3786783165 2712019091 4564856692 3460348610
4543266482 1339360726 0249141273 7245870066 0631558817 4881520920 9628292540 9171536436 7892590360
0113303305 4882046652 1384146951 9415116094 3305727036 5759591953 0921861173 8193261179 3105118548
0744623799 6274956735 1885752724 8912279381 8301194912 9833673362 4406566430 8602139494 6395224737
1907021798 6004370277 0539217176 2931767523 8467481846 7669405132 0005681271 4526356082 TT85771342
7577896091 7363717872 1468440901 2249534301 4654958537 1050792279 6892589235 4201995611 2129021960
8640344181 5981362977 4771309960 5187072113 4999999837 2078049951 0597317328 1609631859 5024459455
3469083026 4252230825 3344685035 2619311881 7101000313 7838752886 5875332083 8142061717 7669147303

Twitter, Feynman’s Library, “Feynman Point in Pi”

But we are sure that the digits of pi keep going on forever and in a random order. This makes
pi interesting because the value of pi is finite, however, its decimal value is infinitely long. This
is not a contradiction. Pi is a constant number because it is the ratio of the circumference of a
circle and its diameter which are finite values. Still, we need an approximate value for pi.

In 1768, Johann Lambert proved that the value of pi is an irrational number and it cannot be
written as a rational simple fraction. 22/7 is a commonly used approximation but does not
contain all of the digits of pi. This is because irrational numbers cannot be written as a ratio of
two numbers, such as ab, because they numbers continue on to infinity and do not follow a
pattern. In 1882, Ferdinand Lindemann proved that pi is a transcendental number because it is
not algebraic; it is not a non-constant polynomial equation with rational coefficients
(“Transcendental number”, Wikipedia).

We can safely say that pi is transcendental because the mathematician Yasumasa Kanada found
that the first trillion digits of pi appear to be statistically random. If you check the table below,
you see that the event of each digit occurring is independent, and the probability of it is one-
tenth of the time (“Kanada Laboratory”, Super Computing)

Digit Occurrences

99,999,485,134
99,999,945, 664
100,000,480,057
99,999,787,805
100,000,357,857
99,999,671,008
99,999,807,503
99,999,818,723
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https://en.wikipedia.org/wiki/Six_nines_in_pi
https://twitter.com/fermatslibrary/status/994198325661446144
https://en.wikipedia.org/wiki/Transcendental_number
http://www.super-computing.org/

8 100,000,791,469
9 99,999,854,780
Total 1,000,000,000,000

After many years, Emma Haruko Iwao found 34.1 trillion digits of pi in 2019. It took 121 days
for Haruko and his computer because calculating pi requires a lot of power, even for a computer.
You can picture it in your mind like this; if you were to print a billion decimal values of Pi in
normal sized, ordinary font, it would stretch from New York to Kansas.

However, 34.1 trillion digits is sti/l not enough to prove whether pi is normal or not (“Pi in the
Sky”, Google Cloud Blog). Supercomputers are still crunching the numbers. If you check the
graph below, you will see the number of known digits of pi, by year, since 250 B.C.

How many digits of pi have humans found?
Number of known digits of pi, by year, since 250 B.C.

2016 — O
22,459,157,718,361 digits

Length in digits (log scale)

FiveThirtyEight, Graph, “Even After 31 Trillion Digits, We’re Still No Closer To The End
Of Pi”

Going back to Mr. Finch, we see that he is not 100% wrong. We can find our birthdays in pi
easily. If you go to_mypiday.com and type your birthday, it will give you the decimal place in
pi. For example, my birthday occurs at the 675,097th decimal place.

If pi is a normal number, then we can say that our whole destiny is encoded in pi. The pictures
we are going to take in the future and will be in pi because there are binary numbers behind
images. All digital products are in pi. Even this article has been in pi for thousands of years.
Furthermore, the DNA of every creature is in pi. Mr. Finch was actually right.

There is an interesting and artistic way to show the randomness of pi. Some scientists might be
happy with their tedious scatter plots, but there are some artists who use colors for data
visualization to communicate with the public. Martin Krzywinski is one such artist, who found
beauty and artistry in the randomness of Pi. He took the digits of pi and gave each digit a
different color. For instance, he gave 3 the color orange, 1 as red, 4 as yellow, and so on. Then


https://cloud.google.com/blog/products/compute/calculating-31-4-trillion-digits-of-archimedes-constant-on-google-cloud
https://cloud.google.com/blog/products/compute/calculating-31-4-trillion-digits-of-archimedes-constant-on-google-cloud
https://fivethirtyeight.com/features/even-after-31-trillion-digits-were-still-no-closer-to-the-end-of-pi/
https://fivethirtyeight.com/features/even-after-31-trillion-digits-were-still-no-closer-to-the-end-of-pi/
http://mypiday.com/

he made a beautiful poster. And if you look at carefully, you do not see any particular pattern
to the colors.

Cristian flies Vasile / eristian.ilies. @gmail.com / created with Circos
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Science Art by Martin Krzywinski

Besides there are so many fascinating facts about pi, it is also the most studied number in math
history so far._Many people want to memorize the digits in pi, not digits of other irrational
numbers (YouTube, PBS NewsHour). It drives people into madness and chaos. Mathematicians
have been struggling to exactly calculate pi for centuries.

So, should we stop working on pi or should we continue looking for a better approximation? Is
assuming pi as equal to 3.14 good enough? Or is it enough to use 40 digits of pi to find the
circumference of the Milky Way galaxy to an error less than the size of a proton (JPL NASA)?
Are the first 152 digits are enough to find the circumference of the observable universe at 93
billion light-years (WIRED)? There are hundreds of mathematicians who have been trying to
figure out more digits of pi for years. It is like trying to get to the moon and then to the next
planet, and so on... But why? Why do mathematicians bother calculating any more digits? Why
aren’t 34.1 trillion digits of pi is not enough? Is it because pi lurks in every circle?

Every rotation is an expression of 7.


http://mkweb.bcgsc.ca/pi/piday/posters.mhtml
https://www.youtube.com/watch?v=05gfA0iR3jA
https://www.youtube.com/watch?v=05gfA0iR3jA
https://www.jpl.nasa.gov/edu/news/2016/3/16/how-many-decimals-of-pi-do-we-really-need/
https://www.wired.com/2016/03/six-things-probably-didnt-know-pi/

The logical reason seems cryptic; it is because pi is a beautiful source to generate random
numbers. However, the real reason seems to be so that countries can show off their technology
to other countries, because calculating trillion digits of pi needs a very powerful computer. For
instance, in the Star Trek episode “ Wolf in the Fold”, Spock foils the evil computer by
commanding it to “compute to last digit the value of Pi”. So asking a computer to compute Pi
is called “a stress test”, and may make it crash.

On the other hand, we humans are awkward creators. Staying at home and drinking tea is a
beautiful activity, but when we get bored we try to climb the highest of mountains, befrind a
tiger or | try to memorize the digits of pi like Chao Lu, who correctly memorized the first 67,890
digits of pi. We will keep doing these things because we like to understand the world around
us.

On September 12, 1962, John F. Kennedy gave a speech about the space program. He said:

“There is no strife, no prejudice, no national conflict in outer space as yet. Its hazards are hostile
to us all. Its conquest deserves the best of all mankind, and its opportunity for peaceful
cooperation many never come again. But why, some say, the moon? Why choose this as our
goal? And they may well ask why climb the highest mountain? We choose to go to the moon.
We choose to go to the moon in this decade and do the other things, not because they are
easy, but because they are hard, because that goal will serve to organize and measure the
best of our energies and skills, because that challenge is one that we are willing to accept,
one we are unwilling to postpone, and one which we intend to win, and the others, too.

We are inevitably connected to the past, and pi is a thread that’s gone through all of human
history. That’s why we can say that as long as there are people, there’s always going to be
somebody who just wonders what’s next. And I assure you that somewhere in the world there
is a mathematician or scientist using pi for something important for our universe because pi is
still the mysterious constant of nature.

Finding Pi

The previous statement is utterly true because there has always been someone who works on
Pi. Math is as old as civilization. Pi has been studied by the human race for almost 4000 years.
When the last mammoths were going extinct, people were studying Pi. As far as we know,
Archimedes from ancient Greece was one of the first humans who calculated pi.He was most
likely helping wheel makers. But how did he estimate the value of pi?

Firstly, he saw that all polygons as a circle. According to Archimedes, if you keep increasing
the number of the sides of a polygon, you would get closer to the perfect circle. In other words,
a pentagon is more circle than a square, but a hexagon is more circle than a pentagon, and so
on... Thus, the legendary mathematician Archimedes defined a circle as a regular polygon with
an extremely large number of sides more than two thousand years ago.



Polygons inscribed in the unit circle [Forbes]

His definition is useful because measuring a curved surface was hard to do accurately. He found
a way to find the circumference of a circle. First, he drew a square with its corners touching the
perimeter of a circle and found the perimeter of the inscribed square. Secondly, he drew another
square with its sides touching the perimeter of the circle also and found the perimeter of the
circumscribed square. He came to the conclusion that he circumference of the circle had to lie
somewhere between the value of those two perimeters of squares.

Using this method, however, the difference between those two values was pretty big when he
used squares. So, he drew pentagons to see the upper and lower bounds of the circumference of
the circle. He got a smaller range of bounds at that time. After that, he kept increasing the
number of faces of the polygon that he was drawing inside and outside the circle. Each time he
did this, his estimation was getting more accurate. Archimedes got up to a 96 sided regular
polygon [called an_enneacontahexagon] until he got exhausted. The lower and upper bound that
he found that time were 3.1408 and 3.1429. Thus, he calculated = to two decimal places.

Archimedes’ method needed improvement because hsi life span was not going to be long
enough to find the other digits of pi by hand. Mathematicians needed to discover more efficient
formulas and new techniques.

Before they could do this, they needed to discover Algebra. In the beginning, people were using
signs for digits. For instance, let’s say you and your neighbor have 75 horses together and you
have 35 horses. You need to find the number of the horses your neighbor has. Without algebra,
the solution will take a long time. But after the discovery of algebra, we just use equations to
solve the problems. In this specific example, we can write 75 = x + 35 where x is your


https://www.forbes.com/sites/kevinknudson/2015/11/03/everything-you-ever-wanted-to-know-about-pi-part-one-of-a-series/#ff33087762ab
https://en.wikipedia.org/wiki/Enneacontahexagon

neighbor’s horses. Writing such an equation and using a variable instead of a number was
revolutionary to the classical world. Algebra allowed for much easier calculations across all of
mathematics.

The adoption of algebra by great mathematicians inspired a whole new way of looking at the
world. The next great jump in calculating pi was the invention of calculus. After that,
mathematicians started working on infinite series. An infinite series is an expression with
numbers added together one after the other until infinity, and sometimes these infinite series
converge to a particular value.

There are many methods available now to calculate Pi. Gottfried Leibniz found pi in infinity.
James Gregory found the equation below for pi. He was working on one of the astonishing
infinite series for the inverse tangent function below. He added infinitely many small numbers
together and found pi.

He put x = 1 into the inverse-tangent series. He showed us the further we go, the closer to the
estimation of pi we get. However, in order to get 10 digits of pi, we need to write about 5 billion
fractions to add.

After that, another great mathematician, Leonhard Euler- who officially adopted the Greek
letter “n” as a symbol to represent the value- found a more efficient equation for Pi when he
was 28. The symbol became iconic. Euler’s Pi equation calculates an infinite sum. The Basel
Problem was named after him.

Euler also used Pi to write another beautiful equation, Euler’s Identity. I have whole article
dedicated to it, which you can read here.

Thanks to the Indian mathematician Ramanujan’s obsession for pi, we have many new formulas
to find pi. When he arrived at Cambridge from India, he brought with him a notebook in which
there were 400 pages of formulas to find pi.

After the invention of the mechanical computers, mathematicians used Leibniz’s, Euler’s, and
Ramanujan’s infinite series to calculate a trillion decimal digits of pi (Stanford Cryptography
Group). Without a supercomputer, finding the digits of pi that far would be difficult. For
example, the mathematician William Shanks managed to calculate the first 707 digits of pi by
hand but unfortunately, he had made a mistake after the 527th place.

Pi is everywhere

Spirographs are mathematical patterns where different rotational variables generate different
outcomes.

Children start learning about pi when they are in 7th grade, and use it until they graduate from
college. Even after that, most people use pi again when their children go to school. Pi appears
everywhere in the universe and every time in our lives. It is literally woven into our universe;
the orbits of planets, the electromagnetic waves, rivers, the colors of auroras, the structure of
DNA, the Great Pyramid of Giza...

7 is part of the trigonometric sine and cosine functions.
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If a scientist wants to describe the structure of the universe or finds the relationship between
planets, he/she definitely needs to use Pi. Since anything involving a circle or a sphere is about
Pi. Circles appear throughout the natural world, whether it’s a soap bubble or the moon in the
night sky. This explains why mathematics is important in all areas of the sciences. Pi helps us
to see the mathematical ideas underlying diverse physical processes.

Sinuosity of rivers

P1i has a direct relationship with rivers on Earth. But how? To figure this out, we need to measure
the length of a river in two different ways. Assume that we know the starting and ending point
of the river. First, we need the actual length to see how bendy the river is. In other words, the
distance that you need to swim from the beginning point to the ending point. This whole length
will be “L”. Second, we need to find a straight length. In other words, this time we need to fly
from the beginning to the end. And this direct route will be a lowercase “l”. Now we can write
the formula for the sinuosity by dividing L by 1. The sinuosity is a ratio and measures how
bendy the river is.

What is important here is there’s no limit to how high sinuosity can be. The river can be really
bendy. However, Hans-Henrik Stelum proved that the average sinuosity of rivers around the
world is pi. If you find the sinuosity of all the rivers and take the average sinuosity of them you
should get Pi (Meandering River).

There is another interesting fact about sinuosity. Rivers can be very bendy at some points. We
would expect a high sinuosity. But suddenly, those rivers become straight and make the
sinuosity equal Pi. So, it is hard to find the sinuosity of a river equal to 7 because of fluid
dynamics. Mathematicians found the highest sinuosity to be around 3.5 and the lowest sinuosity
around 2.7.

Rivers can start acting very chaotic after some time. Then they suddenly go back to normal. At
the extremely bendy point, rivers cut off after the bend point and make a shortcut to become
straight again. This phenomenon is known as an oxbow lake, which controls the sinuosity of
rivers. This keeps the sinuosity of a river around Pi.

Pi in Space

There is a mathematical order inherent in our universe. For instance, to understand our solar
system, we need Pi. We know that our planet moves in front of its host star. And the light comes
from host stars. To talk about that light, we need to know how big the host star is. In other
words, we need the surface area of the host star. The formula for the surface area of a sphere is
4nr?, with r being the star’s radius. The size of a planet also helps scientists to guess whether it
is habitable or not.

For every 8 Earth orbits, Venus orbits the Sun 13 times.

Another good example to show the relationship between pi and the universe is electrostatic
force, which is the force between two electric charges. An electron exerts a force in all
directions and forms a sphere field. Electrons also interact with each other on an electric field.
To figure out that interaction, we need to find the surface area of spheres, where again =pi
comes up.


http://raaf.org/pdfs/meandering_river.pdf
https://vimeo.com/183741782

There is also a connection between pi and gravity. If you have had a chance to see Einstein’s
field equations, you might notice that Pi is there also.

The formula above calculates how objects with a large mass, such as stars and galaxies, can
curve space and time with their gravity. Einstein is says that just like a ball sitting on a bedsheet,
any form of momentum and energy can also curve space-time around it. In words, the formula
is saying:

Gravity = 8 x 7 x Energy & Momentum

So Pi is the part of the gravity, energy, and momentum of the universe and all objects contained

in it. Not any of the other irrational numbers. Iif you take the square root of the gravity of Earth,
you almost get Pi.

v 9.8 = 3.1305

7 is part of light waves. Waves create color. Waves create sound. Waves create motion.

Finding Pi in Nature

Infinite series are not the only way to find Pi. There are some cool and fun activities you do to
estimate pi on your own. One of them is called the Monte Carlo method. Assume that you are
working on a 1 by 1 grid. You are generating pairs between 0 and 1 to plot the points on a
coordinate plane. If you keep plotting the points, you will see that the distance of some points
to the origin will be less than 1, and some of them will be greater than 1. After some point, you
will see that you are getting a quarter circle. If you find the area of that quarter circle, it will be
almost n/4. There is an example below of 1,000 points. You can try it from here.

Monte Carlo Simulation

If you don’t want to deal with computer programming, then you can use just a pencil and a
paper to do this. You just need to draw a circle with a radius 1, and then draw a square around
the circle. The area of the square has to be 4 because the diameter of the circle is 2. Now, if you
take your pencil and close your eyes and put random dots on the paper many times, eventually
the percentage of times your dot landed inside the circle will approach n/4. So you can feel like
Archimedes here.

Buffon’s Needle

When there was no internet, kids used to play b tossing a coin on the floor and seeing whether
the coin crosses a line or not. A French philosopher and mathematician Georges-Louis Leclerc
decided to figure out the probability that the coin would cross a line. Remarkable idea!

He started by dropping a needle on a lined sheet of paper and determining the probability of the
needle crossing one of the lines on the paper. Then he tried his experiment with many needles
many times. He got a remarkable result. The probability was directly related to the value of


https://vimeo.com/183741782
https://www.wired.com/2016/03/six-things-probably-didnt-know-pi/

never-ending number pi because 2 times the number of needles he dropped divided by the
number of needles crossing a line was almost equal to pi all the time. So he made a formula:

P: the probability | n: the number of needles | c: the number of needles crossing a line. Then;
P=2n/c

After Leclerc, an Italian mathematician, Lazzarini, threw needles almost 4000 times to perform
this experiment. He got pi with perfect accuracy. He got to the first six decimal places of pi

(Wikipedia).

You can check the Monte Carlo simulation below to see. The gif shows the pi estimation with
the different numbers of toothpicks.

Throwing 1000 needles to estimate pi [Reddit]
The Pi day

After a long history of studying pi, people decided to organize an official celebration of pi in
March on the 14th. Since 1988, people celebrate the magical constant on March 14th. There is
an interesting coincidence that Albert Einstein was born on Pi day, March 14, 1879. Einstein
also published his theory of general relativity on the Pi day.

To summarize, mathematics is a language that is inscribed in the brains of all human beings. Pi
is just a word in that language. John F. Kennedy knew that the moon was not infinitely far away
and he got there. I believe that one day the great mathematicians will reveal all the mysterious
digits of pi.

I wish Finch had been my teacher when I was a student.


https://en.wikipedia.org/wiki/Buffon%27s_needle_problem
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